A maximum likelihood approach is developed for estimating the recombination fraction in a segregating population (F2), between a marker gene and a locus affecting a quantitative trait as well as estimating the means and variances of the three genotypes of the quantitative trait. The experimental results from computer simulations show that even with experimental sizes of 500, estimates of the parameters can be obtained by aid of the codominant marker gene as long as the heritability of the quantitative trait in question is not less than 0• 10. However at low heritabilities the variances of estimates are very large.
INTRODUCTION
The location of polygenes has always been an important aim of biometrical genetics since it could lead to a better understanding of the structure of the polygenic system as well as its possible manipulation both by classical breeding and genetical engineering. However the phenotype of a quantitative character is a consequence of both genetic and environmental sources and, in a polygenic system, an individual gene substitution may well contribute a relatively small effect to the phenotype of the character governed by the system (Mather and Jinks, 1971) .
In general these properties make it almost impossible for the experimenter to identify individual genotypes among the offspring of a cross from the quantitative character studied and they therefore prevent the direct use of the traditional methods of locating major genes. Nevertheless, the chromosomal inheritance of polygenes suggests the possibility of detecting and estimating the genetic linkage between the genes using an appropriate experimental design.
One reliable method of demonstrating the presence of a gene for a quantitative trait on a particular chromosome is to determine a linkage relationship between that trait and a distinguishable Mendelian locus (so called marker locus) and the work of Penrose (1938 Penrose ( , 1946 is considered as being pioneering in this field. Mather (1957, 1960) investigated the distribution of polygenic activity affecting chaeta number and viability characters along chromosome III of Drosophila melanogaster by using appropriate mutant loci on the same chromosome as genetic markers. In a series of fundamental studies, Thoday and his colleagues showed how major mutants can be used to identify, map and evaluate individual loci affecting quantitative traits (Thoday, 1961 (Thoday, , 1979 Spickett and Thoday, 1966; Thoday et a!., 1964) . Since then this method has been applied in basic studies of biometrical or quantitative genetics of various organisms such as in Drosophila (Williams, 1968 (Williams, , 1977 (Williams, , 1978 (Williams, and 1980 Davies and Workman, 1971; Davies, 1971; Dominguez and Rubio, 1986; Shrimpton and Robertson, 1988a, b) , in wheat (Patterson et a!., 1968; Law, 1966) , in maize (Edwards et al., 1987) and in tomato (Tanksley and Rick, 1980; Weller, 1987; Weller et al., 1988) . However others have identified major flaws in this approach (McMillan and Robertson, 1974) .
In theoretical studies, Hill (1975) demonstrated a statistical test for the presence of linkage between a marker gene and quantitative trait locus (QTL) in natural families. By using the intercrossing and backcrossing experimental design from two inbred lines, Jayakar (1970) described a statistical procedure for the detection and estimation of linkage between a marker gene and a QTL by using full-sib data. Lander and Botstein (1989) recently developed a new method of locating the polygenes underlying quantitative traits using RFLP linkage maps. Given a detailed knowledge of RFLP positions throughout the genome, the probability of a putative QTL being located in a given interval can be estimated using the method of log-odds (LOD). This method of interval mapping, first described by Lander and Green (1987) , allows efficient detection of QTLs while limiting the overall occurrence of false positives. It also allows accurate estimation of the phenotypic effects of QTLs and their location to specific regions. By using this systematic QTL mapping approach, Paterson et cii. (1988) Development of the analytical method
If the linkage between the marker and QTL is incomplete, the individuals within each of the three marker genotypes are a mixture of three quantitative trait genotypes, Q1Q1, Q1Q2 and Q2Q2. Let /J.11, p12 and p22 stand for the means and cr, O2 and Tan and Chang, 1972) . i.e.,
Equation (11) includes the other six unknown
parameters besides r. However simultaneous
equations (1)- (3) and (4)- (6), respectively, consist of three independent linear equations which
involve three independent unknowns provided that r is given. Thus unique solutions exist for both of
the groups of simultaneous equations. Where
The solutions for equations (l)- (3) are
Therefore the likelihood function for the entire F2 population can be written as
rn,
The logarithm function of (10) will be
When the estimates (12)- (14) and (18)- (20) are incorporated into (11), the logarithm of the likelihood function (11) will only involve the recombination fraction r. By maximizing equation (11) (18) equation (11) by an iterative numerical method. As the defined boundary of r is between 00 to 05, a computer programme can be designed to 19 search the surface of the maximum likelihood / function in this interval through the trace defined by (11) for any given precision.
will be distributed as Student's I distribution with 19 degrees of freedom and provides a significance test between the maximum likelihood estimate and its theoretical value. For a given theoretical recombination fraction between the marker and QTL, the realised recombination fraction re, is an observation of its theoretical value r*. The difference between them will be an indicator of the adequacy of the simulation programme used in the present study.
Therefore
Then the solutions of equations (4)- (6) are
1 -2r
Efficiency of the maximum likelihood estimate
Cavalli-Sforza and Bodmer (1971) recommended that Fisher's information statistic be used to give the variance of the maximum likelihood estimate for one parameter. In the present case equation (11) is the logarithm of the likelihood function L(r) of the recombination fraction rand it can be shown quite generally that
is approximately the variance of the maximum likelihood estimate of r. Just as the means and variances are functions of the recombination fraction r, so also are the distribution parameters in the likelihood function. This makes the second differential function involved in the above variance estimator too complicated to be expressed briefly. Therefore it is necessary to obtain the means and variances of the estimates by computer simulation. Because of the time involved only 20 replicates of each situation were simulated. If the means and the expected value of the QTL-marker recombination fraction are denoted by i and r* respectively,
2 l 2 then (r =-e1+-e2+---e3 N N N where Sr N= n1+n2+n3.
Description of the algorithm From the previous section, equations (11), (12)- (14) and (18)- (20) give the likelihood function about one unknown parameter r, the recombination fraction between the marker and the QTL. In theory it is possible to find the solution of the following equation dL(r)0 dr
Computer simulation of F2 population A Fortran-77 computer programme was designed to simulate the genetic behaviour of linkage between the marker locus and the QTL. The programme allows F2 progeny from any two defined inbred lines to be generated by combining gametes generated from the defined parents by a "random walk" procedure (Crosby, 1973) . Although any number of markers and quantitative trait loci are easily simulated by this programme, in the present study only two loci are considered, one the genetic marker the other the quantitative trait locus. The simulation programme also allows varying degrees of linkage to be accommodated between the two loci as well as various dominance ratios and heritabilities of the quantitative trait to be con- The simulation results consistently show that there is no significant difference between rand r* over all levels of the recombination fractions i.e., 0.15, O25 and 035 (X.15 = 013, X.25 = 008 and X35 = 0.09), which indicates that the simulation data on which the linkage analysis is performed are reliable.
When the QTL has a low heritability (h = 0.1), the estimates ofthe means (Table 3) fortheincreasing QTL homozygote (/L11) and heterozygote (p12) and the environmental variation of the quantitative trait (Table 4) are regularly biased from their actual values for all combinations of the different recombination fractions and dominance ratios. The mean estimates for the decreasing homozygote (/L22), which consistently have the largest standard error, rarely differ significantly from their true values. This is because the means of the homozygote (fL22) do not change with increasing dominance ratio from 00 to 10 unlike the means of the homozygote (j) and heterozygote (/L12). The differences between the means at low heritability are smaller than at high heritability. This makes it more difficult to separate the means of the component distributions from that of the mixed distribution. For a given heritability, codominance yields the maximum differences among the means and thus the means of the three genotypes at the QTL will be more easily distinguished. Nearly consistent estimates of the recombination fraction are obtained at both heritability levels.
It has been shown from table 2 that the estimate of the recombination fraction depends more on the dominance ratio than on the heritability of the QTL. When alleles at the QTL show codominance or partial dominance the method presented in the paper can lead to very good estimates of r.
Moreover the standard errors of the estimates also decrease dramatically with increasing heritability. On the other hand, it is clear that the accuracy of the recombination fraction estimate is also dependent on the true value of r, the tighter the QTL-marker linkage, the better the estimate of the recombination fraction. At a theoretical Table 2 The maximum likelihood estimates of the recombination fraction between the marker and the QTL, where h and dr represent narrow heritability and The likelihood function used in the paper involved only one parameter, the QTL-marker recombination fraction r. For a given set of experimental data, the basic statistics of the marker groups were determined. Using these statistics, the means and the non-heritable variances of the quantitative trait were derived using those values of r which maximized the likelihood function (equation (11)) by following the formulae (12)- (14) and (1 8)-(20). In this way the likelihood function always has its peak at a value of r above that for which the variance estimate becomes negative; unlike the method of Weller (1986) , the negative variance can thus be avoided.
It has been shown from trait governed by a single locus and the variation remaining is thus only ascribed to environmental variance. More realistically, the character under study would be controlled by many genes which may be distributed on a number of chromosomes. For a trait with heritability h2 governed by n loci, the heritability of any one locus will be h2/n. As the number of loci increases, the heritability of any one locus will become very small. Weller (1986) pointed out that his proposed method of QTLmarker linkage analysis was useful only for QTL's with effects greater than 10 phenotypic standard deviation. With the same assumption about the marker locus as that made by Weller, the present study also obtained satisfactory results for QTL's with h=0l, i.e., the QTL has an effect less than 1.0 phenotypic standard deviation. However, when the heritability of the QTL decreased to O01, the method recommended in this article did not yield meaningful results either. Since recombination fraction is defined between two loci, when there are many loci controlling the trait studied it is clearly impossible to summarize the linkage relationship between the quantitative trait and the given marker locus in terms of a single recombination fraction. But if, among the quantitative trait loci, there is only one QTL linked with the given marker, which has a heritability not lower than that discussed in this paper, the method proposed in this study is still appropriate, although the variance will now include both the environmental variation and the genetic variance of the other segregating loci, i.e. the heritability refers to that locus only. It can be concluded that the analytical procedure described here is at least effective for quantitative traits controlled by a single linked locus with heritability not less than 0.1 but it is ineffective for traits with the same heritability equally shared by several loci. Soller and Brody (1976) showed that it was possible to detect a codominant QTL responsible for 1 phenotypic standard deviation in an F2 population of 1000 individuals (i.e., cr,, = Q1 Q1 -Q2Q2 = 2d). Weller (1986) attempted to estimate the recombination fraction between a codominant marker locus and a codominant QTL with effects greater than 1.0 phenotypic standard deviation in the F2 population of 2000 individuals. In this paper, a possibly more realistic sample size of 500 was used, a quarter of that studied by Weller. In theory the method assumed that the distributions of the phenotypes among the marker groups were normal. This assumption is probably wrong since incomplete linkage between the QTL and the marker will result in skewness in the F2 marker groups. This may be another reason why the basic statistics of the QTL are biased.
